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Summary

A fitting method for saturation curves is described that may be applied to
any kind of ligand binding process, regardless of whether positive, negative or
mixed cooperativity is involved. The procedure yields ‘best values’ of maximal
saturation (or maximal velocity with enzymes); in addition, an empirical func-
tion is calculated that represents the concentration dependence of the Hill
slope (i.e. the slope of the corresponding Hill plot).

Since the method does not require the maximal saturation to be known in
advance, it can be successfully applied to systems which, due to experimental
limitations, may not be saturated with ligand. It is shown that in these cases
values of maximal saturation are obtained that are considerably more reliable
than those estimated by customary methods. Moreover, it is demonstrated that
the concentration dependence of the Hill slope, the other main result of the
proposed procedure, may offer useful evidence as to the molecular events
leading to non-hyperbolicity and thus provide a rational basis for selecting
more specific models to describe the properties of the system studied.

Introduction

In many cases the simple Law of Mass Action will suffice to describe
adequately the interactions of a protein or another biopolymer with ligands.
When applied to a protein containing n identical and independent binding sites
for a ligand L, it states that the degree of saturation, S (as measured by some
quantity linearly related to the number of ligand molecules bound), is given by

Smax[L]

5" Ka+[L]
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where Sp.x is the maximal saturation attained at infinite ligand concentration,
and K, is a thermodynamic dissociation constant.

With enzymes, the overall velocity in the steady state is usually proportional
to the degree of saturation of the active site(s) with substrate, L, and thus

V- [Lsl

oL L ®

The physical meaning of K,,, the so-called Michaelis constant, depends on the
actual mechanism of catalysis; usually it differs from the substrate dissociation
constant K.

Whenever the binding sites in the protein are intrinsically different or
interact with each other, the saturation, S, is no longer hyperbolically
dependent on [L]. For the analysis of such binding or velocity curves several
methods of differing sophistication are in use. In favourable cases graphical
procedures may furnish satisfactory results.

A Hill plot [1] is constructed by plotting log {S/(Smax — S)} vs. log [L]. The
graph is based on a linearization of the Hill equation

= Smax ) [L]nH
K+ [L]"H

Only if Eqn. 3 is strictly valid (i.e. in the improbable case of infinite cooperativ-
ity) the Hill plot will be a straight line, then the Hill coefficient ny equals
the number of binding sites. With real systems, ny hardly ever reaches this
maximal value and, in addition, is not a constant but depends on [L]. In con-
sequence, Hill plots are usually curved (see Fig. 2b). It was shown [2,3] that
the shape of such a plot reflects the underlying mechanism of ligand binding;
the Hill slope, therefore, is useful evidence as to the kind and strength of
cooperative interactions.

It is a common situation with ligand binding studies that the system cannot
be completely saturated. In this case reliable estimates of S, are unavailable,
which excludes the application of Hill plots. To overcome such a problem
Kurganov and his coworkers {4] and Endrenyi et al. [ 5] have proposed evalua-
tion methods that, in principle, allow the estimation of Hill slopes when S, is
not known. However, both procedures are based on the validity of Eqn. 3 and
thus on somewhat unrealistic assumptions. Moreover, cases of negative
cooperativity may not be treated in this way. Finally, the application of both
methods to actual data is rather cumbersome, since for the calculation of each
point of such graphs equally spaced pairs or triplets of observations are
required.

A Scatchard plot [6] is obtained if S/[L] is plotted vs. S. It will be linear
whenever Eqn. 1 holds, and curved in all other cases. Sy, is not required for
constructing Scatchard plots but may be estimated by extrapolation to S/[L] =
0. However, as illustrated by Fig. 2a, with strongly cooperative systems reliable
estimates of Sy, are not obtained unless the experimental readings closely
approach maximal saturation.

The shape of a Scatchard plot may be of similar diagnostic value to that of
the Hill plot. The kind of information that can be drawn from such a graph has
been extensively discussed [3,7].

S (3)
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An alternative, although more demanding, approach to the analysis of non-
hyperbolic saturation data is the use of curve-fitting procedures. The numerical
calculations involved are extensive and thus a digital computer for data
processing is indispensable.

A linear regression on the Hill plot would be mathematically very simple,
however, such an approach suffers from the same uncertainty with respect to
S,,ax as a purely graphical evaluation and is not expected to yield more reliable
results. The direct fit of the Hill Eqn. 3 was proposed by several authors
[8—11]. However, as mentioned above, Eqn. 3 is rarely valid for real systems.
Therefore, as shown in more detail below, the outcome of such a fit when
applied to strongly non-hyperbolic curves may be unsatisfactory or meaning-
less.

A fit of the general Adair equation (see Eqn. 5) to saturation data imposes
much less bias. This approach has been succesfully applied to the binding of
ligands to protein tetramers [12]. It is doubtful, however, whether meaningful
results can be obtained when the number of binding sites exceeds 6—8 since, as
a rule, the probability that a well defined optimal fit is achieved rapidly
decreases as the number of parameters to be independently adjusted is
increased.

The method proposed in this paper was designed to allow the analysis of
incomplete saturation curves where a good estimate of S,,,, (and thus of the
number of binding sites) is unavailable. As shown below, it will yield reliable
values of S,,,, with systems exhibiting any type of cooperativity. Moreover, it
provides data that describe the concentration dependence of the Hill slope. As
already mentioned, this function may serve as a useful guide to the inter-
pretation of cooperative phenomena in mechanistic terms.

The method

In brief, our method is based on a least-squares fit of the generalized Hill
Eqn. 4 to saturation curves of S vs. [L].

_ Smgx - [LI"®
S=K+Lro “)

In this equation the Hill coefficient is no longer treated as a constant but
allowed to vary with [L]. In the course of the calculations n(L) is represented
by a polynomial of the 3rd or 4th order *. The best fit of Eqn. 4 to the
experimental points is obtained by an iterative search proceeding as follows (a
more detailed description of the mathematical background is given in the
Appendix).

(a) Choice of starting values of S, 4

Initially the range has to be defined where the ‘best value’ of S,.. is
supposed to be found. This interval (AB in Fig. 1) is then subdivided into three
equal parts. The sums of squares, SY (measuring the sum of residuals and thus

* As shown in the Appendix, n(L) is not identical with the Hill slope ni(L); however, the latter is easily
calculated from n(L).
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Fig. 1. Schematic representation of the method used to derive provisional estimates of Sy, (see text).

the goodness of fit), are calculated as described below for values of S,,,, corre-
sponding to points @ and b. The interval with the higher SY at its inner border
(Aa in Fig. 1) is cancelled, the remaining range (aB) is again divided into equal
thirds, and the procedure is repeated until interval d becomes lower than a
previously defined limit.

(b) Calculation of n(L)

Once a provisional value of S, is defined the corresponding Hill plot may
be constructed. Its slope as a function of [L] is calculated by numerical
differentiation as described in the Appendix; then a polynomial that approxi-
mates ny(L) is determined by standard regression methods.

(¢c) Determination of K and improvement of Sp,qx
When n(L) is defined, the parameter K and an improved estimate of Sy, are
obtained by nonlinear regression.

(d) Calculation of SY

With the resulting set of parameters a theoretical curve is generated
according to Eqn. 4. The sum of the squares, SY, is obtained by comparing this
curve with the set of experimental readings

N
SY = @1 (S,(caled.) — S;(exp.))?

Finally, a new range of S,,,, is defined as described above and the minimization
proceeds with a next cycle.

A computer program carrying out the calculations outlined above was
written in FORTRAN. It was run on a CGK TR 440 system as the Rechen-
zentrum der Universitit Marburg. Copies of the program are available from the
authors on request.
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Results

The performance of our method was tested by applying it to a variety of
experimental and simulated data. The results obtained using data of Winslow et
al. [13] on the saturation of whole human blood with oxygen will be discussed
in some detail.

The saturation curve of S vs. [L] is shown in Fig. 4a, corresponding Hill and
Scatchard plots are depicted in Fig. 2. In each case, the fit performed according
to the method described here is represented by a solid line. The dotted line
included in Fig. 2b corresponds to the best fit of Eqn. 3, i.e. of the Hill equa-
tion with constant Hill coefficient. Clearly, our procedure leads to a consider-
ably improved fit, especially at low ligand concentrations. This impression is
quantitatively supported by Table I. The concentration dependence of the Hill
slope nyx(L) is shown in Fig. 4b. In close agreement with the known properties
of hemoglobin, a maximal Hill slope of 2.67 was found at about 60% satura-
tion.

The efficiency of the method outlined here in the analysis of incomplete
saturation curves was examined by fitting partial data sets, that were created
from the original oxygen saturation data by increasingly omitting points from
the right-hand part of the curve. The sets B—E obtained in this way (see Fig. 2)
were also fitted using Eqn. 3; the results are summarized in Table I and in
Fig. 3. It was found that the method described above yielded S, with reason-
able precision even when the curve was cut off above 30% saturation. In
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Fig. 2. Comparison of results obtained by curve fitting with customary graphical procedures. The data
shown (@) are for the oxygen saturation of whole human blood (taken from Ref, 13, data set RW 2). S is
the saturation of the system (expected Sy, = 1.0); ligand concentrations [L], in this case, are partial
pressures of O, (mmHg). In each plate the solid line represents the result of a fit performed as described
in this paper; the dotted line in Fig. 2b is to illustrate the outcome of fitting the Hill equation with the
Hill coefficient treated as a constant, Fig. 2a shows a Scatchard plot of the data. Capital letters indicate
where the original data set (A) was cut off to generate the incomplete sets B—E (cf, Table I). In Fig. 2b
the corresponding Hill plot is depicted. A more familiar representation of the same data may be found in
Fig. 4a.
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TABLE I

Comparison of fitting methods applied to incomplete saturation curves. Data set A contains the oxygen
saturation data from Ref, 13, also shown in Figs. 2 and 4a, sets B—E were generated from A by succes-
sively omitting points from the right-hand part of the curve. The residual data were evaluated by fitting
(a) the Hill equation with variable Hill coefficient (Eqn. 4) and (b) the Hill equation with constant Hili
coefficient (Eqn. 3). The starting interval for 8y, . introduced in the calculations is given for each set of
data. The resulting parameters and the residual sums of squares are compared. n.m., no minimum.

Data Data Satura- Starting Resulting parameters after fitting the Hill equation with
set pairs tion interval
variable nyy constant ny
Smax K 8Y-103  Spax  SY- 103
A 49 0—0.91 0.95—3.0 1.01 195.9 2.9 1.06 8.7
B 38 0—0.62 0.60—3.0 0.95 198.1 2.0 1.48 5.4
o} 34 0—0.51 0.50—3.0 0.93 192.0 1.6 1.49 5.5
D 30 0—0.41 0.40—3.0 0.97 194.2 11 n.m. 4—6
E 26 0—0.30 0.30—3.0 1.09 2117.5 1.0 n.m, 4—5

contrast, fits using Egn. 3 (performed as described in Ref. 11) were already
poor when the upper third of the curve was missing, and no definite minima of
SY were found when the residual curve did not exceed half-saturation.

The goodness of fit achieved with data sets A—E may be judged by the data
given in Fig. 3. Distinct minima of S8Y as a function of S,,,, were found in all
cases. In Fig. 3b the residuals are plotted vs. ligand concentrations. With set A
there is a certain non-random fluctuation of the residuals, while with sets B—E
this effect is much less conspicuous, if present at all. Finally, by inspection of
Fig. 2 one can ascertain that the application of graphical methods to sets B—E
would have been of little advantage. For instance, an attempt to estimate Sy,
by extrapolation of Scatchard plots would be a matter of mere intuition.

Diagnostic value of ny(L)

In order to illustrate the kind of information that can be gathered from the
concentration dependence of Hill slopes we applied our fitting method to a
series of data sets calculated from the 4th degree Adair equation

§ _ K,[L]+2K,K,[L] + 3K,K,K,[L] + 4K KKK, [L]* .
Smmn  A(1 + K,[L] + KK (L] + KKK [LY + K K.KSKA[L 1) ©)

An adequate choice of K,—K, yields curves that represent the behaviour of
various types of cooperative system encountered experimentally. According to
Wong et al. [14] the kind and strength of cooperative interactions among
binding sites may be quantitatively characterized by the ‘cooperativity coeffi-
cient’, yv. When for two successive binding steps v = 0, cooperative interactions
are not involved and the Hill coefficient, ny, equals unity. Positive cooperativ-
ity is indicated by v > 0 and ny > 1, while negatively cooperative processes are
characterized by v < 0 and nyg < 1, respectively.

Some examples are shown in Fig. 4. Again the solid lines represent the result
of fits performed as suggested here; in addition the concentration dependences
of ny are shown. The oxygen saturation curve of blood (see above) is brought
about by two steps with substantial positive cooperativity followed by an event
with slightly negative v [13]. This is reflected by the shape of ny(L) which rises
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Fig. 3. Performance of the method on data sets A—E. Fig. 3a illustrates the actual course taken by the
fitting procedure as applied to data sets A—E (cf. Table I). The sums of squares, SY, computed for each
provisional value of S,y during the iteration process are shown, Note that well-defined minima of SY
were attained in all cases. In Fig. 3b the residual errors are plotted as a function of ligand concentration.
The solid lines correspond to zero deviation in each case.

above 2.5 and decreases again at high [L].

If two non-cooperative steps are followed by a positively cooperative one
(see Fig. 4b), ny(L) rises more slowly, reaching its maximal value (about 2.0)
not before 80% of the sites are occupied with ligand. Fig. 4c shows a simulated
case of strongly negative cooperativity. At first sight, one is tempted to
interpret the graph as hyperbola with S.,, around S = 0.5. However, the
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decrease of ny with increasing [L] unequivocally reveals the negative interac-

tions are involved.

The last curve (Fig. 4d) would result from negative cooperativity between
the sites occupied first, followed by two positively cooperative steps. Processes

TABLE II

Cooperativity parameters and results of fits to saturation curves 4a-—d. Adair constants for data set 4a
(same data as set A in Table I) were taken from Ref. 13. Sets 4b—4d were calculated from the 4th degree
Adair equation using the constants K)—K4 indicated in each case. The corresponding cooperativity coef-
ficients (see text) are also given. The results of fitting the Hill equation with variable Hill coefficient are
shown by the final value of Sy5x (expected Sy, was 1.0 in each case) and the residual sum of squares,

SY.
Data  Adair constants Cooperativity Starting Smax SY-103
set coefficients interval

K, Koy K3 Ky

71 Y2 73

4a 0.004 0.043 0.262 0.039 1.45 1.14 0.4 0.95—3.0 1.01 2.9
4b 0.326 0.122 0.054 0.203 0 0 1.0 0.5 —1.5 0.98 2.0
4c 0.326 0.122 5.4-1074 2.0-10% 0 ,—1.0 —1.0 0.5 —3.0 1.04 0.05

44 0.326 0.012 0.054 0.204

-1.0 1.0 1.0 0.5 —1.5 0.99 0.36
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Fig. 4, Concentration dependence of the Hill slope for some types of cooperative behaviour. Fig. 4a
contains the oxygen saturation data already shown in Fig. 2; the other data sets were simulated (cf. Table
II).

of this type have actually been observed with oligomeric enzymes; they may be
identified by an inflection in the corresponding saturation curve. The Hill slope
clearly points to the underlying process being lower than unity at low [L] than
steeply increasing to values above 2.

Discussion

The evaluation method described in the present paper was devised for the
analysis of incomplete saturation curves which strongly deviate from hyper-
bolicity. In fact, none of the methods available at present yields satisfactory
results in cases of strong cooperativity, unless S, ., is already known or the
experimental readings extent to at least 80—90% of this value. This is rarely
attainable whenever systems with marked negative cooperativity are studied,
and frequently impossible in consequence of experimental difficulties. More-
over, it may occur that one saturation process is superimposed by another, so
that the curve can be evaluated only in part. In these instances our procedure
yields reasonable values of S, ,, which are required to establish the total
number of sites. In addition, the concentration dependence of the Hill slopes



622

becomes available, a piece of evidence that may lead to more detailed ideas as
to the molecular basis of the observed non-hyperbolic behaviour. Of course, the
method proposed here cannot replace the elaboration of more specific models
which may follow in a later stage of the investigation. On the other hand, the
approach adopted results in a wide applicability of the method to virtually any
set of binding or kinetic data. If the Law of Mass Action is obeyed, the Hill
slope will be unity at any ligand concentration. Other results should prompt
further investigations of the kind which will be suggested by the observed
shape of ny(L).

Since n(L) is represented by a polynomial, one could argue that Eqn. 4
contains a total of at least five independent parameters; this would render the
fitting of the equation rather problematic. However, in view of the algorithm
used during iteration, the coefficients of n(L) must not be regarded as truly
independent variables. As shown in more detail in the Appendix, the coeffi-
cients are not individually varied but computed as a set by linear regression on
a previously defined curve. In fact, numerous calculations with simulated data
showed that local minima different from the correct one were very rarely
selected, provided the standard deviation of the data did not substantially
exceed 0.05.

On the other hand, it has to be born in mind that a polynomial is not ideally
suited as a model equation for Hill slopes over the entire range of ligand con-
centrations. Therefore, our method yields a good approximation of the Hill
slope only in the range of [L] where experimental points are available. Beyond
this range considerable deviations may occur.

As is the case with all curve-fitting procedures, the reliability and significance
of the parameters estimated as described in this paper depend crucially on the
number and quality of the experimental readings. Since our method uses non-
linear regression, a simple and straightforward measure of the precision of the
resulting constants does not exist. However, procedures are available that allow
the estimation of standard errors of non-linear parameters [15]. The question
of statistical weighting of the data was not systematically investigated in the
present study. If régarded necessary, weights may be introduced in the
program,

Appendix

(a) Calculation of ny(L)
From Eqgn. 4, see text, one gets
S
In ———=n(L)-In[L] —InK (6)
g —g~ (1) InL]
Therefore the Hill slope ng(L) is given by
A(In S/Snax — S)
d(In[L])

n(L) is represented by the polynomial

= ny(L) =n'(L) - [L] - In[L] + n(L) (7

n(L) = kZ%) ay, - [L]* (8)
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and thus

n'(L) = kZ=)1 k- a,[L]*? (9)

From Eqns. 7—9 it follows that
nu(L) = ao + 27 @, ([L]* +[L]* -In[L]) = ao + 2 a, - u (10)
k=1 k=1

For a given value of [L], uy is known; ny(L) is obtained as follows: From
the experimental data a continuous curve is determined by ‘spline’ interpola-
tion. The resulting ‘spline’ function serves to compute data pairs (In{S/
(Smax —S)}, In[L]) for each [L] using the presently available value of Sy ay.
Subsequently, these data are fitted by a polynomial, the first derivative of
which yields ngx(L). Finally, the coefficients a; are determined by the method
of least-squares. The corresponding sum of squares, SQ, is given by

N m ,
SQ=2 (ao + 2 @y uy — {nH(L)]) (11)
i=1 k=1 i

With the condition 9SQ/da, = 0 one gets a set of linear equations that may
be solved by standard procedures to yield the coefficients of Eqn. 8.

The smoothing of the experimentally determined saturation curve used in
this step, was introduced to avoid numerical problems in the calculation of
n(L) which may arise if the scatter of the data is considerable. ‘Spline’ inter-
polation is not used in other steps; thus, even if an undue distortion of the
saturation curve should occur here (which may be avoided by checking the
resulting ‘spline’ fit) this would merely result in a small modification of n(L),
but hardly exert influence on the final value of S,,,,.
(b) Determination of K

With the substitution T' = [L]*™ Eqn. 4 becomes

S =Spax - TI(K +T) (12)

K and S,,,, are computed according to the method of least-squares, i.e. by
minimizing the sum of squares

N
SR = El (S(Smaxs K, T;) — S;)? (13)
For Sp.x one obtains with the condition aSR/3S,,,, = 0
23 S,Ti/(K + T;)
g, =t
max N (14)

@T/(Kw‘)2
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The calculation of K is less straightforward. We use the Newtonian approxima-
tion

S(K) = S(K,) + g% AK with K =K, + AK (15)

An estimate of K, is available from Eqn. 12. AK is calculated from Eqns. 13
and 15 as follows

N

N
'Zi th/(KO + Ti)3 - l/Smax Z: Si : Tl/(KO + Ti)2
= i=1

AK = (16)

N
2) T3/(Ko + T;)*
i=1

In this way an improved value of K is obtained from Eqns. 15 and 16. The
adjustment of K is repeated in a series of iterations until SR reaches a mini-
mum.
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